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Abstract: Mathematical intuition can help learners more active and creative in various activities
to predict, discover and achieve meaningfully mathematical knowledge by themselves in
unfamiliar situations. This paper focuses on developing students’ mathematical intuitive
competence based on learning useful knowledge in mathematics education through the approach
of learning by intuiting at high school level. This paper also suggests some intuitive learning
activities for student to understand or grasp the origin and nature of knowledge as the scaffold
upon which students can obtain mathematical competence for problem solving in unfamiliar
situations through predicting and proposing compatible decisions. This effective approach is
described through an illustrated example at the final section of the paper. With the benefits of the
meaningful learning, it is recommended that teachers create delicate situations which on deep
understanding so that students attain significant knowledge to solve not only mathematical
problems but also unforeseen issues outside school.
Keywords: Competence, mathematical intuitive, meaningful knowledge, learning by intuiting,
mathematics education.
1. INTRODUCTION
In mathematics education at high school recently,
when the students encounter unfamiliar situations or
new problems, the teachers often quickly provide them
procedural knowledge, formulas, or algorithms for the
solution. In this procedural approach, the teachers may
show the learners direct instructions or procedures so
that they learn how to apply proper rules correctly for
solving a problem. Consequently, learners only attain
the usage of manipulations in procedure, and formulas
by rote, drill and practice. Also, they engage the
mathematical knowledge and solution meaninglessly by
memorizing step-by-step procedures and reacting in a
similar way. Thus, it leads to their capacity of
application will be restrained in familiar situations.
Students cannot acquire higher skills of thinking and
discover multiple solutions or clearly obtain
understanding of useful mathematical knowledge in
unforeseen problems and in real life. While
mathematical intuition can help learners more active
and creative in various activities to predict, discover and
achieve meaningfully mathematical knowledge by
themselves in unfamiliar situations. This paper focuses
on developing students’ mathematical intuitive
competence based on learning useful knowledge in
mathematics education through the approach of learning
by intuiting at high school level.
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2. LITERATURE REVIEW
Acknowledging the roles of mathematical intuition,
many authours mentioned the foundation of the
experience to useful learning and the nurturing learners’
mathematical intuition in mathematics education such as
Fischbein (1987), Leinhardt (1988), Ben-Zeev and Star
(2001), Birgerstam (2002), Cho and Hong (2015). For
instance, Fischbein assumed that intuition is more than a
system of automatized reactions, more than a skill or a
system of skills; it is a theory, it is a system of beliefs, of
apparently autonomous expectations. Experience has a
fundamental role in shaping intuitions because, in certain
circumstances, it shapes stable expectations (E. Fischbein,
1987, p. 88). Additionally, Ben-Zeev and Star claimed
that mathematical intuition is the product of previous
experience and interaction with people and the
environment. Mathematical intuition is developed from
repeatedly experiencing certain mathematical phenomena
and finally perceiving the common properties of those
experiences. Those authours also emphasized
mathematical intuition based learning activities need to be
designed, implemented and assessed on the basis of
scientific findings about the nature of mathematical
intuition (T. Ben-Zeev and J. Star, 2001). In addition,
Birgerstam discussed how intuition and rationality may
possibly function and interplay with each other. Intuition
seems to be able to look for meanings in various
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experiences that are rationally disconnected and
contradictory; a complexity that is vague and difficult to
handle can become rather more homogeneous and
obvious. Approaching a phenomenon intuitively or
rationally yields different kinds of knowledge (P.
Birgerstam, 2002, p. 432). Moreover, Leinhardt suggested
that learners’ intuitive knowledge and formal knowledge
should converge as competence increases, which will
prepare a base for successful problem solving
(G. Leinhardt, 1988). For meaningful learning, Cho and
Hong proposed two instructional approaches based on
mathematical intuition, intuitive instruction and learning
by intuiting. The former highlights the role of a teacher to
design instruction on the basis of students’ intuitive
knowledge whereas the latter emphasizes active
participation of students in using intuition to solve
authentic problems (Y. H. Cho and S. Y. Hong, 2015,
p. 156).
On those basis, the paper highly emphasizes to
create a firm experience foundation based on
meaningful learning in the innovative approaches,
especially, the approach of learning by intuiting which
can develop learners’ mathematical intuitive
competence. With this approach, the paper focuses on
certain intuitive activities in understanding and grasping
the connotation of knowledge profoundly therefore it
helps learners achieve effective learning through
predicting, explaining and proposing suitable decisions
for problem solving in different situations.
3. METHODS AND RESULTS
3.1. Mathematical intuitive competence and the
approach of learning by intuiting in mathematics
education
As aforementioned, mathematical intuition can be
understood as the immediate and implicit cognition of
mathematical objects, relations, and facts, which bads to
the reduction of analytical reasoning or without
analytical reasoning in the cognitive process (Nguyen
Phuong Chi, Vo Xuan Mai, 2017).
E. Fischbein (1987) identified two types of
intuitions: primary intuition and secondary intuition.
The former naturally arises from experiences and is
developed independently of formal instruction whereas
the latter is learned from instruction, exploration and
experimentation. It is necessary to investigate the roles
of primary and secondary intuition as well as how we
can develop learners’ intuition in the classroom. Cho
and Hong also mentioned that mathematical intuition
can facilitate meaningful learning of mathematics by
connecting it to what we already know. If mathematics
is learned by rote, it will carry little meaning nor will it
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be effectively used by learners (Y. H. Cho and S. Y.
Hong, 2015, p. 157). Moreover, Bruner claimed that
intuition implies the act of grasping the meaning of
significance of structure of a problem without explicit
reliance on the analytical apparatus of the one’s craft
elements of speed of knowing and the lack of a
deliberative or rational thought process (G. Leinhardt,
1988). With the same idea, Poincare insisted that
without intuition, young minds could not make a
beginning in the understanding of mathematics, they
could not learn to love it and would see in it only a vain
logomachy, above all, without intuition they would
never become capable of applying mathematics (H.
Poincare, 1969, p. 209). Furthermore, Wilder stated that
intuition means an accumulation of attitudes (including
beliefs and opinions) derived from experience, both in
individual and culture. It is associated with
mathematical knowledge, which forms the basis of
intuition. This knowledge contributes to the growth of
intuition and is in turn increased by new conceptual
materials suggested by intuition (R. L. Wilder, 1967, p.
610). In addition, E. Fischbein, 1987 offered a contentoriented perspective of intuition, mainly addressing the
impact of learners’ prior knowledge on their
mathematical performances.
We can think of students’ mathematical intuitive
competence as a roughly specialized system of abilities,
proficiencies, or individual dispositions to grasp
mathematical objects, relations, and facts immediately,
which occurs the reduction of analytical reasoning or
without analytical reasoning in the cognitive process.
The current goal of mathematical education is
tending to develop the students’ essential academic
skills of the learning of structures and the relationship
between facts, a way to study and understand the world
around them. Some authors mentioned on multiple
fundamental aspects with the basic instructional
approaches in mathematical teaching such as procedural
approach or conceptual approach or intuitive approach.
It is clearly different from intuitive way to procedural
and conceptual approach. While procedural-based
instruction “provides mathematics facts, algorithms, and
formulas that can be used to solve mathematical
problems” and conceptual-based instruction “seeks to
provide the reasons why these algorithms and formulas
work”, whereas the approach of learning by intuiting
provides “a conceptual foundation that suggests the
directions which new research should take” and
“educated guess” in the evolution of mathematical
concepts. With the familiar regard of both procedural
and conceptual approaches in mathematical education,
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intuitive way is very prominent and become widely
used. Unlike to the acquisition of procedural skills and
conceptual understanding, through this intuitive
approach, students may make a sense of new abstract
mathematical knowledge and create good ideas to solve
unforeseen problems. This instruction is a learnercentered approach because it emphasizes active
participation of students in using intuition to solve
authentic problems so that learners can be engaged in
intuitive activities as predicting and proposing suitable
decisions for problem solving, discovering
mathematical procedures, and reflecting on their
problem solving process while using physical blocks for
direct and concrete experiences of mathematics.
3.2. Achieving a deep understanding and meaningful
knowledge in mathematics education through
learning by intuiting approach
Many researchers have highlighted one of effective
elements of mathematical intuition development in
mathematics education is a way based on meaningful
learning. They also emphasized the importance of using
intuition in unforeseen problem solving, from which the
student will learn to think like a mathematician and
acquire meaningful knowledge. According to Ben-Zeev
and Star, mathematical intuition can be used to make
sense of mathematical knowledge and to solve the
authentic problem out of school. By examining the
nature of intuitive mathematics we could improve our
understanding of people’s formal and informal
reasoning skills and create more effective instructional
materials (T. Ben-Zeev and J. Star, 2001, p. 29). In
addition, Kapur also mentioned that when a teacher
allows students to solve a mathematical problem
without direct instruction, students are likely to
represent the problem in multiple ways and flexibly
explore diverse solutions based on their prior
knowledge and experience. Although intuition
sometimes leads to wrong answers, a teacher should
encourage students actively use their intuition in
representing and solving mathematical problems
because the failure experience can be productive for
meaningful learning (Y. H. Cho and S. Y. Hong, 2015,
p. 155). Furthermore, Cho and Hong assumed that
mathematical intuition influences the process of
thinking and the understanding of knowledge meaning
(Y. H. Cho and S. Y. Hong, 2015). Mathematical
intuition can facilitate meaningful learning of
mathematics by connecting it to what we already know.
Therefore, this role of mathematical intuition is
important in mathematics education because
mathematics frequently involves abstract facts and

90

symbol. Instead of understanding mathematical
concepts rationally, mathematical intuition can help
learners to see and make sense of what the concepts
really mean. Burton also added that the research
mathematicians provided clear directions towards a
mathematical pedagogy that could be as engaging,
exciting and rewarding for learners, as it was for them
in their own practices. These directions were firstly
towards valueing and nurturing intuitions and also
recognizing the importance of making connections or
links in the building of mathematical meaning
(L. Burton, 1999, p. 31).
According to Ben-Zeev and Star, the development
of secondary intuition would necessarily be related to
conceptual and procedural knowledge of students. The
main finding is that too often symbolic procedures are
learned by rote and suffer from an impoverished
conceptual knowledge base. The main idea is that if
symbols and procedures could be imbued with and
linked to conceptual knowledge, the students would be
more likely to develop a deep understanding of
symbolic procedures. It seems logical to assume that
deep understanding of symbolic procedures would be
instrumental in the development of symbolic intuition
(T. Ben-Zeev and J. Star, 2001).
Through learning by intuiting approach in
mathematics education, students can achieve a deep
understanding and meaningful knowledge, with some
intuitive activities such as expressing problems’
understanding with learners’ own ways, describing the
relationship between facts with prior knowledge and
experience, grasping the connotation of mathematical
knowledge in examining problem, converting the form
of mathematical issue to understand profoundly in
alterable situations. These activities can help students
link visualization and abstraction and find the way to
understand the nature and meaning of knowledge,
therefore they can propose suitable conjecture for the
solution of examining problem. On the other hand, they
can feel that mathematics is personally useful and
meaningful, and to feel confident that they can
understand and apply mathematics in real life.
To shape and develop students’ mathematical
intuitive competence in teaching, it is recommended
that teacher create some opportunities to derive
conceptions and procedures through the students’ own
problem solving efforts; emphasize the learners’
attempt to explain how mathematical concepts were
derived, especially highlight more the semantics of
mathematical knowledge than the syntax; encourage
their students find the knowing by gaining the
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connotation and the understanding of these concepts;
and design learning activities from a real-life context.
The activities allow students to obtain the accumulation
of attitudes from meaningful knowledge and useful
experience to develop mathematical intuition
background and help them enhance critical thinking and
deductive ability in learning process. Consequently, the
learners can apply their mathematical understanding in
compatible situations and acquire the delicate ways to
solve a problem when they encounter to their
difficulties out of school problems.
3.3. Illustrated example
In this section, we present an example about
intuitive learning activities to emphasize on explaining
how mathematical concept was derived, denoting the
meaning and applying that concept in a new situation.
When teaching the lesson “Definition of Derivatives”
(Doan Quynh and Nguyen Huy Doan, 2010, p. 184),
the teacher may emphasize many problems in Physics,
Chemistry leading to the finding of limit in the form
lim
x  x0

f ( x)  f ( x0 )
, where
x  x0

y  f ( x)

is a given

function, such as a problem about finding instantaneous
velocity or about finding instantaneous intensity leading
to definition of derivative. For instance, with a problem
about finding instantaneous velocity, the teacher
suggests the students find a quantity that represents the
quick or slow rate of motion at instant of time t0 .
Students’ activities may be:
+) Find the average velocity of motion: We have
distance s of motion is a function of time t : s  s (t ) ,
during the interval of time from t 0 to t , the particle
covers a distance of s(t )  s(t0 ) . If the particle does not
move with constant velocity then the average velocity
of motion in the interval of time t  t0 is the ratio:
s (t )  s (t0 )
.
t  t0

+) Define a suggested quantity: As t tends to t 0 ,
namely, the smaller t  t0

gets, the more exactly

average velocity shows the quick or slow rate of motion
s (t )  s (t0 )
at instant of time t 0 . The limit of ratio
as t
t  t0

instant of time t0 . It is a quantity that represents the
quick or slow rate of motion at instant of time t0 .
From this problem, the teacher leads to the
definition of a derivatives at a point x0 of a given
function y  f ( x ) defined on the open interval (a; b)
and x0  (a; b) : f '( x0 )  lim
x x

0

f ( x)  f ( x0 )
.
x  x0

As the fore mentioned problem, the instantaneous
velocity of the motion at instant of time t0 is a
derivative of function s  s (t ) at t0 , namely
v(t0 )  s '(t0 ) . Similarly, the instantaneous intensity of

electrical current at instant of time t0 is a derivative of
function Q  Q (t ) at t0 , namely I (t0 )  Q '(t0 ) .
On the other hand, the teacher may create a problem
bading to geometric meaning of derivatives which in
the problem solving process, students can discover the
relationship between a derivative at a point x0 of a
given function y  f ( x ) to the tangent of the graph of
that function. The problem “Give the graph of the
function y  2 x2 . Draw a line through point M (1; 2)
with slope k  f '(1) . Give your remark on the relative
position of this line and the graph of given function”.
+) Conjecture and problem solving activity: Practice
to draw a line through point M (1; 2) with slope
k  f '(1) on the graph of the given function. When
the students present their performances to solve their
problem, they can discover the line with slope
k  f '(1) through point M (1; 2) is the tangent of the
graph.
+) Visual activity: Generally, given the function
y  f ( x ) with the graph is a curve (C) and the point
M 0 ( x0 ; f ( x0 )) belong to (C). Point M ( xM ; f ( xM ))
denotes a point moving on (C). Line M 0 M is secant of
(C). Give the remark on the secant M 0 M as
moves on (C) to M 0 .

Assume that point M ( x0  x; f ( x0  x)) moves
on (C). We have M 0 H  x, MH  y . The slope of
line M 0 M is tan   MH  y , where
M0H

x

angle formed by the Ox-axis and vector
1).

tends to t0 is called instantaneous velocity of motion at
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1
As M tends to M 0 , it follows that x  0 . We
y
 lim tan  . Therefore, as M
have f '( x0 )  lim
x0
x M  M
tends to M 0 , the secant M 0 M approaches the position
0

which the line M 0T with slope lim tan   f '( x0 ) ,
M M 0

that is the tangent at point M 0 of (C). Thus, the
derivative of function y  f ( x) at point x0 is the slope

a function, in this theory, students can
f (b)  f (a)
understand f '(c) 
with
ba
f '(c ) meaning as the slope of tangent
to the graph of the function at point
f (b)  f (a)
meaning
C (c; f (c )) and
ba
as the slope of the line AB with
A(a; f (a )), B (b; f (b)), thus the tangent
to the graph of the function at point
C (c; f (c )) parallel with the line AB .
Therefore, students’ performance can
express as Figure 2.
4.
DISCUSSION
AND
CONCLUSION
Through the above illustrated
example, the deepening knowledge
connotations in mathematical teaching
allow students to discover, understand and grasp the
meaningful knowledge in their finding process for
different solutions of the problem. Moreover, the
learners require the acquisition of thinking skills and
experience to build their firm fundamental backgrounds
that can develop their mathematical intuition.
Enhancing students’ mathematical intuition based on
meaningful learning through expressing many intuitive
activities such as using and solving the relevant problem

of tangent to (C) at point M 0 ( x0 ; f ( x0 ))
and the equation of a tangent to graph (C)
of function y  f ( x) at point M 0 is
y  y0  f '( x0 )( x  x0 ) .
+ Applying activity: Students apply
their understanding of geometric meaning
of derivatives in new situations: Give the
y  f ( x)
theory “Give function
continuous on a closed interval  a; b and
has a derivative on the open interval (a; b)
c  ( a; b )
then
exist
satisfied

f (b)  f (a)
”. Represent the
ba
meaning of geometry of above theory by
showing the graph of given function with
satisfied conditions?
Due to grasping the meaning of
geometry of the derivative at a point x0 of
f '(c) 

2
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to understand how the mathematical conceptions or
procedures were derived; discovering and connecting
the examining issues into mathematical knowledge;
predicting and proposing multiple answers or solutions;
describing and explaining the knowledge meaning.
Apparently, by aforementioned activities, students
significantly reveal their creation and active
comprehension to achieve, interpret and appreciate
mathematical knowledge by themselves in unfamiliar
situations with the learning by intuiting approach.
In the paper, we presented the approach of learning
by intuiting in mathematics education and drew out
intuitive activities in learning to understand the meaning
of knowledge; therefore, students obtain mathematical
competence for problem solving in unfamiliar
situations. We also proposed some ways to create
teaching situations with an emphasis on the learners’
performance in gaining the connotation of mathematical
concept and applying their deep understanding on that
concept in new situation.
In conclusion, the mathematical intuition plays an
essential role not only in making sense of new abstract
conceptions but also in solving unforeseen problems
based on mathematical knowledge and principles.
Effective teaching should emphasize problem solving
skills, making decisions and critical thinking over
memorization or application of formulas and
procedures. To develop students’ mathematical intuition
competence at high school, it is recommended that
teachers give students opportunities to improve their
skills in delicate situations with utilizing learning by
intuiting approach, instead of using procedural or
conceptual approach. By this meaningful learning,
teachers can encourage the students to judgement and
express profound understanding when they encounter
complicated issues in reality.
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