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Abstract: One of important problems in teaching and learning Mathematics is how to teach
Mathematics effectively and how students can apply the provided mathematical knowledge to
solve realistic problems. However, the mathematical knowledge that is taught for students in high
schools still focuses on procedures and algorithms, and students have many difficulties in
transforming realistic problems into mathematical models that allow them to apply the equipped
mathematical knowledge to solve them. The paper identifies students’ difficulties in integrating
procedural and conceptual knowledge on quadratic equations to solve relevant realistic problems.
Keywords: Procedural knowledge, conceptual knowledge, realistic problem solving.
1. INTRODUCTION
In current high school mathematics teaching,
mathematical knowledge equipped for students in high
schools still focuses on procedures and algorithms, and
students have many difficulties in mathematicalising
realistic problems to apply the provided mathematical
knowledge to solve them. Mathematical knowledge
consists of both procedural and conceptual knowledge,
and in applying mathematics to solve realistic problems,
only conceptual knowledge or procedural knowledge is
not enough, which requires students to integrate both
types of knowledge.
The paper studies students’ difficulties in integrating
procedural and conceptual knowledge on quadratic
equations to solve relevant realistic problems.
2. LITERATURE REVIEW
2.1. Conceptual and procedural knowledge on
quadratic equations
According to Merriam-Webster’s Collegiate
Dictionary (2012), a concept is “an abstract or generic
idea generalized from particular instances”. Knowledge
of concepts is often referred to as conceptual
knowledge. A procedure is a series of steps, or actions,
done to accomplish a goal. Knowledge of procedures is
often termed procedural knowledge (Hiebert & Lefevre,
1986; Byrnes & Wasik, 1991; Canobi, 2009; Rittle,
Johnson et al., 2001; Rittle, Johnson & Schneider,
2015).
Star and Stylianides (2013) studied type and quality
aspects of knowledge. Knowledge quality refers to the
way that something is known - essentially how well it is
understood. Deep-level knowledge is linked with
understanding, flexibility, evaluation, and critical

judgment. Knowledge type merely refers to what is
known. With this distinction, the adjectives
“conceptual” and “procedural” demarcate what type of
knowledge is being characterized. Thus conceptual
knowledge would refer to knowledge of concepts,
including principles and definitions; procedural
knowledge would refer to knowledge of procedures,
including action sequences and algorithms used in
problem solving.
The procedural knowledge on quadratic equations
refers to the successful and flexible application of rules,
algorithms, or special procedures related to quadratic
equations, including the formula to determine the delta
discriminant and (simple, double) roots, steps to solve
quadratic equations, the rule for finding two numbers
when knowing their sum and product, solving the
equations that can be reduced to quadratic equations,
etc.
The conceptual knowledge on quadratic equations
expresses the perception of concepts related to quadratic
equations, including the concept of degrees and
coefficients, the ways to describe them (algebraically,
graphically,...), roots existence criteria, the relationship
between sum and product of solutions to coefficients of
quadratic equations, etc.
The recent research shows that knowledge of
concepts and procedures may develop iteratively with
increases in one type of knowledge leading to gain in
the other type of knowledge, which in turn leads to
further increases in the first (Rittle-Johnson &
Koedinger, 2009). Therefore, in problem solving,
integrating conceptual and procedural knowledge is an
indispensable approach.
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2.2. Solving realistic problems
One of the basic difficulties of students in solving
realistic problems is to understand correctly the text of
the problems as well as to find the mathematical content
appropriate for the real situation. The greatest obstacle
in solving realistic problems is the establishment of a
mathematical model, as this requires the knowledge of
the context of a realistic problem situation and
possession of a certain degree of creativity (Cotič et al.,
2011).
Blum và Leiss (2007) illustrated a process which is
described in Figure 1 to solve realistic problems.

3. METHODS AND RESULTS
3.1. Research questions
- What mistakes did students have in solving various
tasks related to integrating conceptual and procedural
knowledge on quadratic equations to solve realistic
problems?;
- Which tasks are most difficult for students and
what are the most common mistakes students make?;
-Which mistakes are related to the procedural
proficiencies, conceptual understanding and integrating
both types of knowledge?

This process consists of a series of activities, starting
with a “realistic situation”. When the problem in this
situation is “understood”, the “situational model” is
“simplified/ structured” into a “real model” and then
transformed into a “mathematical model” through the
“mathematicalising” process. By using “mathematical
procedures”, “mathematical solutions” are created later
and “interpreted” into “real solutions”. “Testing”, if this
“real solution” is fit to the proposed “situational model”,
“present” that solution to the “real situation”. On the
contrary, if this “real solution” does not fit, go back to
develop a “situational model” and continue the process
until we can find the true “real solution” for the “real
situation” that needs solving.
Note that “understanding” and “simplification/
structuring” processes mainly require conceptual
knowledge. Moreover, the “mathematisation”; the
process to obtain a “mathematical solution” from the
“mathematical model” through “mathematical
procedures”, and the “interpretation” process require the
integration of both conceptual and procedural
knowledge.

3.2. Research methods
To solve the research questions, we distributed a
questionnaire consisting of six questions to grade 10
students who learned about quadratic equations as well
as equations reduced to quadratic equations. The
content of these questions belongs to Physics,
Technology, Engineering and Finance. Based on the
analysis of the data collected through the questionnaire
(N = 154), we identified and coded the mistakes that
students made, thereby discussing and verifying
solutions to improve the ability of high school students
in solving realistic problems.
3.3. Participants
Participants in this study are grade 10 students at
Quoc Hoc high school (Quy Nhon City, Binh Dinh
Province) and Le Quy Don high school (Quy Nhon
City, Binh Dinh Province), with a total of N = 154
students. They have completed the first semester, and
basic knowledge on quadratic functions/ equations has
been provided. The students have 60 minutes to answer
six questions in the questionnaire.
3.4. Questionnaire
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Table 1 consists of six assessment questions. These
questions are realistic problems whose contents belong
to one of the following four areas/ categories: (1)
science (physical movement); (2) technology
(smartphone); (3) engineering (conveyor, construction);
(4) finance (profit maximization, cost sharing).
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procedural knowledge on quadratic equations/
functions. Questions 1, 3 and 4 focus on the procedural
knowledge on (equations reduced to) quadratic
equations. The key point in Question 2 is the conceptual
knowledge on the vertex of parabolas (whose

Table 1. Questionnaire
Area/ Category
Information

Questions
1. Two cyclists move away from a town along two perpendicular paths at 20 km/h and 40
km/h respectively. The second cyclist starts the journey an hour later than the first one. Find
the time taken for them to be 100 km apart.

Science

2. A ball is thrown upwards from a rooftop, 80m above the ground. It will reach a
maximum vertical height and then fall back to the ground. The height of the ball from the
ground at time t is h, which is given by h  64t  16t 2  80.
a. What is the maximum height reached by the ball?
b. How long will it take before hitting the ground?

Engineering

3. A transport enterprise has two lines to transport a quantity of goods, with different
capacities. If each conveyor carries the whole goods alone, then the total time for both lines
to transport alone is 25 hours. If both lines are used at the same time, the goods will be
transported in 6 hours. How long does it take for each conveyor to transport the goods
alone?
5. A farmer wants to make a rectangular pen for his stags. He has 60 m fencing material to
cover three sides with the other side being a brick wall.
a. How should he use the fencing material to make a pen whose area is 378 m2?
b. How should he choose length and width of the pen to maximize the area for his stags?
4. A group of acquaints went to a restaurant for a meal. When the bill for 1750000 Vietnam
Dong (VND) was brought by a waiter, two of the cheeky ones from the group just sneaked
off before the bill was paid, which resulted in the payment of extra 100000 VND by each
remaining individual. How many were in the group at first?

Technology/
Finance

6. A large mobile phone enterprise has designed a new smartphone, willing to massproduce for profit. The enterprise spent about 700 million Vietnamese Dongs (VND) for
the installation of machinery, advertising,... The cost to produce each smartphone is 11
million. The number of phones sold depends on the price p (million) of each smartphone
by 700 - 20 p (million). What is the best price for which the profit is maximal? At what
price will the enterprise break even?

In all of these questions, the “mathematicalising”
literacy plays a crucial role. After having a
“mathematical model”, in order to find a “mathematical
solution”, students need to have a conceptual and

coordinates are   b ;    for the quadratic
 2a 4a 
2
function y  ax  bx  c ) and on the quadratic
equations (which is the intersecting abscissa of the
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parabola to the x-axis). Question 5a requires procedural
knowledge on quadratic equations, while questions 5b
and 6 require the conceptual knowledge on the vertex of
parabolas and on quadratic equations.
3.5. Data analysis
There were 154 students answering the questions;
each answers 6 questions. We use a 4-point scale to
evaluate each question. Every correct answer gets 4
points; each answer which is almost correct given 3
points; each half correct answer will be 2 points; each
correct part (less than half) will get 1 point; and 0 point
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them. The final list includes the codes of mistakes, the
related questions and the frequency of the mistakes,
which is presented in Table 2.
The above codes are described briefly as follows
(see Figure 2 for Sample responses illustrating the 10
mistakes).
- NoResponse occurs in all six questions, indicating
that the students did not understand the text of the “real
situation” and did not find out any “mathematical
model”. Maths also occurs in all questions, indicating
that the students made mistakes in “mathematisation”,

Table 2. Code of mistakes, related questions and frequency
Code
No.

Abbr. Code

Related
Questions

Frequency

1

NoResponse

No response or nonsense answers

All questions

220

2

Maths

Mistakes in “mathematisation”

All questions

86

3

AlgCal

Mistakes in algebraic calculation

3, 4

7

4

QuaEqua

Wrong quadratic equations

1, 3, 4

45

5

Name

Mistakes in representing variables for the object
appeared in the tasks

3, 5a

95

6

Roots

Wrong or missing roots of quadratic equations

1, 2, 3, 4

38

7

QuaFunc

Wrong quadratic functions

5b, 6

36

8

MaxCond

Wrong conditions for a quadratic function to get
its maximum value

5b, 6

25

9

Coeff

Wrong in determining the coefficients a,b,c of
quadratic functions

2

52

10

Interpret

All questions

104

Mistake Description

Misinterpretation or wrong interpretation

will be for answers with no content or nonsense. Each
student will get a maximum of 24 points.
For answers that fail to reach a maximum of 4
points, we will analyze the mistakes that students have.
Based on students’ solutions, we create a list of the
mistakes that they made. Then we encode mistakes that
appear in students’ solutions.
3.6. Results
We collected and classified the mistakes that
students made in solving tasks. First of all, we gave a
list of possible mistakes. Then, based on the solutions
collected, we adjusted that list, classifying and coding

concentrated in Questions 1, 5b and 6. In Question 1,
they made mistakes in determining the time of one
cyclist in terms of the other, leading to a wrong
quadratic equation (QuaEqua); in Question 5b, they did
not give or give a wrong quadratic function of the area
(QuaFunc), or a wrong condition for the quadratic area
function to be maximal (MaxCond); in Question 6, they
made mistakes in determining the profit function, which
led to a wrong quadratic function (QuaFunc) (see
Sample Responses 2, 5, 7, 8, 11, 12).
- AlgCal occurs in Questions 3 and 4, indicating that
the students made mistakes in algebraic calculation on
the established equations/ systems of equations, leading
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to the mistake QuaEqua (see Sample Responses 5, 7,
8). QuaEqua occurs in Question 1, 3 and 4, indicating
that the students got mistakes in establishing quadratic
equations because of the mistakes Maths and AlgCal
(see Sample Responses 2, 5, 7, 8, 11, 12). Name occurs
in Questions 3 and 5, indicating that the students made
mistakes in representing variables for the objects
appeared in the tasks, leading to the mistake Interpret.
Note that in Question 3 (resp. Question 5a) the role of
two conveyors (resp. size of the rectangular pen) are the
same (see Sample Responses 6, 9, 10).
- Roots occurs in Questions 2, 3 and 4, because the
students have written out only positive roots of the
quadratic equations (see Sample Responses 2, 3, 4, 10).

QuaFunc occurs in Questions 5 and 6, indicating that
the students established wrong quadratic functions due
to Maths mistake (see Sample Responses 11, 12).
MaxCond occurs in Questions 2a and 5b, indicating that
the students made mistakes in pointing out conditions
for a quadratic function to get its maximum value (see
Sample Responses 3, 9).
- Coeff occurs in Question 2 because the students
got wrong in determining the coefficients a, b, c of the
quadratic equations to calculate the coordinates of the
vertex of parabolas (see Sample Response 4). Interpret
occurs in all questions, indicating that the students made
a missing or wrong “interpretation” (see Figure 2).
Sample Response 2 (Score 1)
Maths, QuaEqua, Roots, Interpret
Question 1:
Let x be the time of the first person move with the velocity
20 km/h. Then x+1 is the time of the second one. Then
(20 x) 2  (40( x  1)) 2  100 2  x  1.4 h.
Thus, the first persion moves in 1.4 h, and the second one
moves in 2.4 h.

Sample Response 1 (Score 0) No response
Question 6

Sample Response 3 (Score 2)
Roots, MaxCond, Interpret
Question 2
b
64

 2(m) . Thus the
2a 2( 16)
maximal height of the ball is 82 m.
b) When the ball hits the ground, we have
h  0  16t 2  64t  80  0. Solve this equation we obtain
t  5( s ). Hence after 5 seconds, the ball hits the ground.

a) Sine
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a  0, hmax 

Sample Response 5 (Score 1)
Maths, AlgCal, QuaEqua, Interpret
Question 3:
Let x (h) be the time the first conveyor transport alone; y (h)
the time of the second conveyor.
Then
 x1  30(satisfies)
1
1
1

 
x 25  x 6
 x2  5(not satisfy)

Sample Response 7 (Score 2)
QuaEqua, AlgCal, Interpret
Question 4
Let x (VND) be the payment of each person at first. Then the
1750000
group has
(people).
x
The payment of each person after sneaking is x 100000
(VND).

Sample Response 4 (Score 0)
Roots, Coeff, Interpret
Question 2:


 79  m 
4a
The highest position of the ball is 79m.
b) The ball hits the ground  h  0
a)   b2  4ac  2024  hmax 

 16t  16t 2  80  0  no solutions.

Sample Response 6 (Score 3)
Name, Interpret
Question 3:
Let x (h) be the time the first conveyor transport alone. Then
25-x (h) is the time of the second conveyor.
We have
 x  15
1
1
1
 1


x 25  x 6
 x2  10
Thus, the first conveyor transforts alone in 15 hours; the
seond one does it in 10 hours.
Sample Response 8 (Score 1)
Maths, QuaEqua, AlgCal, Interpret
Question 4
Let a (a>0) be the number of members in the group. At first,
1750000
each person has to pay
(VND).
a
After sneaking, the group remains a - 2 (people), hence
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Hence the number of members in the group after sneaking is
1750000
.
x  100000
We have
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each person pays

1750000
(VND).
a2

Then we have

1750000
1750000
 100000 
...
a
a2

1750000
1750000
2
...
x
x  100000

 a  7 (not satisfy)

 a  5 (satisfies)

 x  350000 (satisfies)

 x  250000 (not satisfy)

Hence the group has 5 people.

Then the number of people in the group is 5.
Sample Response 9 (Score 2)
Name, MaxCond, Interpret
Question 5:
a) Let x be the length (x>0), then 60-2x is the width.
 x  21
(satisfies)
 x(60  2 x)  378  
 x9
If the length is 21 (m) then the width is 18 (m).
If the length is 9 (m) then the width is 42 (m).
b) The area of the pen is maximal if the length and the width
both are maximal.
60
Then 2 length = width =
 30.
2
Thus the maximal area is 450 (m2), provided the length 15
(m), the width 30 (m).

Sample Response 11 (Score 2)
Maths, QuaEqua, QuaFunc, Interpret
Question 6
The money of selling (700 - 20p) smartphones is (700 20p)p (million VND).
The profit is

p  700  20 p   11 700  20 p   20 p2  920 p  7700

Sample Response 10 (Score 1)
NoResponse, Name, Roots, Interpret
Question 5
a) Let x (m) be the length; y (m) the width.

 xy  378
 x  21


y

2
x

60

 y  18
Hence the length is 21 (m), the width is 18 (m).
b) No response

Sample Response 12 (Score 1)
Maths, QuaEqua, QuaFunc, Interpret
Question 6
The money of selling smartphones is (700-20p)p (million
VND)
The profit is:
T  p(700  20 p)  700

 20 p 2  700 p  700  million VND 
The profit is maximal if T  T max . It means that

b
700

 175 (million VND)
2a 2  20 
The enterprise breaks even if
20 p 2  700 p  700  0
p

b
The profit is maximal if p 
 23 (million VND).
2a
The enterprise breaks even if
 p  35  not satisfy 
20 p 2  920 p  7700  0  
 p  11
The enterprise breaks even if the price of each smartphone is
11 (million VND)


35  1085
 34  not satisfy 
p 
3


35  1085
1
p 
3

The enterprise breaks even if the price of each smartphone is
approximately 1 (million VND)

Figure 2. Sample Responses for mistakes that students made in their solutions
The most difficult tasks: The maximum score of
each question is 4 points, with 154 students, each
question has a total of 616 points. The percentages
scored by the questions 1 through 6 were 66.54%,

85.29%, 86.4%, 92.65%, 52.21% and 9.93%,
respectively. Based on this result, we conclude that
Question 5 and Question 6 are the most difficult tasks
for students.
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The most prevalent mistakes: Based on the
frequency of the mistakes, except for NoResponse, the
common mistakes that students made were Interpret,
Name and Maths. This shows that, in the process of
solving realistic problems, the “mathematisation”
process is extremely important, deciding the correctness
of the “mathematical model”. Representing the objects
appeared in the real situations by suitable variables is
also an important part of the “mathematisation” process.
If the students made mistakes in this representation
(Name), it will lead to a missing or wrong
“interpretation” to a “realistic solution” for a realistic
problem.
Mistakes revealing about procedural proficiency and
conceptual understanding: The mistakes AlgCal,
QuaEqua and Roots reveal the procedural proficiency
of students in solving quadatic equations or equations
reduced to quadratic equations. MaxCond associates
with the conceptual understanding the vertex of a
parabola, and Coeff reveals also the conceptual
knowledge on coefficients of quadratic functions.
Mistakes revealing about integrating both types of
knowledge: NoResponse, Maths, Name and QuaFunc
occur because of a weak “mathematisation” literacy of
students
in
solving
realistic
problems.
“Mathematisation” and “interpretation” processes
require the integration of both conceptual and
procedural knowledge. Therefore, the mistakes
NoResponse, Maths, Name, QuaFunc and Interpret
reveal the integration both types of knowledge.
4. DISCUSSION AND CONCLUSION
The findings show that students have difficulties in
“mathematicalising” “real situations” to build a correct
“mathematical model”, and in “interpreting”
“mathematical solutions” to “realistic solutions” for
realistic problems. The core reason is the integration of
conceptual and procedural knowledge on a specific
mathematical knowledge (e.g. on quadratic equations)
to solve realistic problems.
To overcome these difficulties, it is necessary to
have an awareness and radical change in the contents of
mathematics in general education curriculum being
prepared and attended in Vietnam. In more details, it is
necessary to include in the textbooks a number of
realistic problems whose contents belong to Science,
Technology and Engineering that correspond to the
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mathematical content of the curriculum. At the same
time, teachers should pay more attention to equipping
students with the process, how to solve realistic
problems corresponding to the mathematical knowledge
they are learning. Finally, in their teaching, teachers
need to regularly integrate both procedural and
conceptual knowledge in order to improve their literacy
in solving realistic problems.

ACKNOWLEDGEMENT
The author would like to express her deep gratitude
to Assoc. Prof. Dr. Tran Vui for his suggestion and
helpful discussion on the topic of integrating procedural
and conceptual knowledge to solve realistic problems.

REFERENCES
Cotič, M. & Felda, D. (2011). Solving realistic problems
in the initial instruction of mathematics. Metodički
obzori: časopis za odgojno-obrazovnu teoriju i
praksu, 6 (11), 49-61.
Hiebert, J. & Lefevre, P. (1986). Conceptual and
procedural knowledge in mathematics: An
introductory analysis. In J. Hiebert (Ed.),
Conceptual and procedural knowledge: The
case of mathematics (pp. 1-27). Hillsdale, NJ:
Lawrence Erlbaum Associates.
Rittle, Johnson B. & Koedinger K. (2009). Iterating
between lessons on concepts and procedures can
improve mathematics knowledge. British
Journal of Educational Psychology, 79 (3),
483-500.
Rittle, Johnson, B. & Schneider, M. (2015). Developing
conceptual and procedural knowledge in
mathematics. In R. Cohen Kadosh & A. Dowker
(Eds).Oxford handbook of numerical cognition,
1102-1118, UK: Oxford University Press.
Star, J.R - Stylianides, G.J. (2013). Procedural and
Conceptual Knowledge: Exploring the Gap
Between Knowledge Type and Knowledge
Quality. Canadian Journal of Science,
Mathematics, and Technology Education, 13 (2),
169-181.
Tsupros, N., R. Kohler & J. Hallinen (2009). STEM
education: A project to identify the missing
components. Intermediate Unit 1 and Carnegie
Mellon, Pennsylvania.

145

