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Abstract: Constructivism, an educational theory describing the process of knowledge
construction, has been applied in mathematics education in many countries. This article
proposes some suggestions for applying constructivism theory in mathemactics teaching.
Subsequently, the author presents some mathematics teaching and learning situations in which
students are supported to construct the concepts of the sequence with the limit zero and
continuous function at a point (Analytics grade 11). In these situations, students have a chance
to self-study, cooperate in group to construct new concepts.
Keywords: Construct, mathematics teaching, learning situation, continuous function,
sequence with the limit zero.
1. INTRODUCTION
Constructivism is an education theory describing
the
process
of
knowledge
construction.
Constructivists believe that knowledge should not be
just deposited into learners’ minds; instead, it should
be constructed by learners through active involvement
in the learning process (Thenjiwe Emily MajorBoitumelo Mangope, 2012) [1]. “Constructivist
theory posits that students make sense of the world by
synthesizing new experiences into what they have
previously understood. They form rules through
reflection on their interaction with objects and ideas.
When they encounter an object, idea or relationship
that does not make sense to them, they either interpret
what they see to conform to their rules or they adjust
their rules to better account for the new information.”
(Brooks & Brooks, 1993) [2]Von Glasersfeld’s view
of learning as cognitive self-organization implicitly
assumes that the child is participating in cultural
practices. (Paul Cobb, 1994) [3] .
Our motivation was to design some learning
situations to support students to construct
mathematical knowledge in the social context of the
classroom. Previously, we analyzed constructivism
and made some suggestions in teaching mathematics
based on the views of constructivism.
2. CONTENT
2.1. Constructivism
53

Cognitive constructivism embraces many
psychological viewpoints, ranging from models of
general cognitive structure to specific theories about
how people reason with mental models to theories
about how learning occurs with specific problem types
in specific kinds of instructional environments. There
are two main classes of constructivism: radical
constructivism and social constructivism.
Radical constructivists emphasize the role of
student self-studying in the learning environment and
social constructivists emphasize the role of
cooperation and environment in the process of
knowledge construction. Von Glasersfeld presented
his “radical” interpretation of Piaget’s genetic
epistemology to the Jean Piaget Society in
Philadelphia in 1975.
Rather than regarding the environment as the cause
of children’s thoughts and actions, in other words,
such thoughts are reflection of the environment, the
radical constructivist believe that a person’s action
should be determined by that person’s own conceptual
structures. (Leslie P. Steffe and Thomas Kieren, 1994)
[4]. Radical constructivists state that all new logicalmathematical and conceptual understanding is
constructed on the basics of previously constructed
knowledge. Furthermore, they believe that reflective
activity - physical, social, and mental - is the catalyst
that brings about cognitive structuring and
restructuring. (Sharon J. Derry, 1996) [5]. In fact, the
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teacher helps provide opportunities for children’s
mathematical activities, but it is the children’s process
of making sense that determines their own knowledge.
According to social constructivists:
- The learner is not viewed as a passive receiver of
knowledge, into which the facilitator must pour
knowledge. Conceptual knowledge cannot be
transferred ready-made and intact from one person
(the facilitator) to another person (the learner).
- Instead, the learner is viewed as an active
participant who constructs his/her own knowledge.
The learner comes into the learning situation with his
own existing knowledge; new ideas are perceived and
interpreted in the light of the learner’s existing
knowledge, built up on his previous experience.
Learning, from this perspective, entails that the learner
must re-organise and re-structure his present
knowledge structures, and this can only be done by the
learner himself.
- Learning is a social process. Learners learn from
each other (and the facilitator) through discussion,
communication and sharing of ideas, by actively
comparing different ideas, reflecting on their own
thinking and trying to understand other people’s
thinking by negotiating a shared meaning in learning
environments. Cobb et al., 1992, acknowledged that
classroom social interaction plays a very important
role in supporting students to construct new
knowledge. Through classroom social interaction,
teachers and learners construct a consensual domain
of taken-to-be-shared mathematical knowledge that
both makes possible communication about
mathematics and serves to facilitate individual
students’ mathematical activities. In the course of their
individual construction of knowledge, students
actively participate in the classroom community’s
negotiation and institutionalisation of mathematical
knowledge (Cobb et al., 1992) [6].
2.2. Some suggestions for the application of
Constructivism in mathematics teaching
In the field of mathematics and science education,
it has been shown that powerful learning
environments are those that enable students to actively
construct their own knowledge (De Corte, Greer &
Verschaffel, 1996) [8]. Learning situations using tasks
and patterns of discourse that explicitly incorporate
students’ preconceptions and former experiences and
thus trigger a meaningful engagement with the core
54

ideas seem to offer unique opportunities for
conceptual growth (Duit & Confrey, 1996) [9]. Von
Glasersfeld, 1992 [3] wanted teachers to view
themselves as midwives who facilitate the birth of
understanding, not as engineers of knowledge
transfer. Brooks and Brooks (1993) showed that
“constructivist teaching practices help learners to
internalize and reshape, or transform new
information” ([2]; pp 15).
Constructivism offers teachers instructional
approaches that are congruent with current research on
learning. By viewing learning as an active process in
an environment, taking students’ prior knowledge into
consideration, building on preconceptions, and
eliciting cognitive conflicts, teachers can design
instruction that goes beyond rote learning to
meaningful learning that is more likely to lead to
deeper, longer lasting understanding.
Brooks and Brooks (1993) outlined the
characteristics of constructivist teachers, describing
constructivist teachers “as mediators of students and
environments, not simply givers of information and
managers of behavior” ([2]; pp 102). The
characteristics of constructivist teachers includes:
1) Constructivist teachers encourage and accept
student autonomy and initiative.
2) Constructivist teachers use raw data and
primary sources, along with manipulative, interactive,
and physical materials.
3) When framing tasks, constructivist teachers use
cognitive terminology such as “classify”, “analyze”,
“predict” and “create”.
To have constructive learning, teachers have to be
constructivist teachers, and to become constructs
teachers, mathematics teachers need to:
- construct active learning situations in which
student can find and want to solve the problem.
- provide opportunities for learners to learn to
communicate about mathematics and through
mathematics.
- give students various chances to self-study.
- support students in their activities: inquiring and
constructing their knowledge.
- give student chances to apply mathematics
knowledge in real-life and in other subjects.
2.3. Some examples of application of constructivism
in mathematics teaching in high school
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Situation 1: Teaching the concept of a sequence

with the limit zero and solve some problems in the
textbook which are not too challenging.

with the limit zero

Main teaching and learning activities:
Activity 1: Constructing the concept
Teacher: Divide the class into groups (at least 04
groups), each group performs one task given in each
worksheet, in the order below:

Objectives: Students are able to construct the
concept of a sequence which has the zero limit;
summarize some of the common sequences with the
limit zero; apply some theorem to prove a sequence

Worksheet No. 1
Problem: a) Fill in the boxes in the following table:
u1
u3
u5
u7
Sequence
un 

 1

u9

u15

u21

u101

u2019

u2k+1

n

n
b) Comment on the increase or decrease of elements in the series in the table above.
.................................................................................................................................................................................

Worksheet No. 2
Problem: a) Fill in the boxes in the following table:
u2
u4
u6
u8
u20
Sequence
un 

 1

u100

u2000

u2020

u1000000

u2k

n

n
b) Comment on the increase or decrease of elements in the series in the table above.
.................................................................................................................................................................................

Worksheet No. 3
Problem: a) Fill in 7the boxes in the following table:
u1
u2
u3
u4
Sequence
un 

 1

u5

u6

u2000

u2001

u2k

u2k+1

n

n
b) Comment on the increase or decrease of elements in the series in the table above.
.................................................................................................................................................................................

Worksheet No. 4
Problem: a) Given the sequence un with un 

 1

n

. Represent u1, u2, u3, u4, u5, u6, u7, u8, u9, u10, u100, u105
n
on the coordinate axes and comment on the value of the numbers in the sequence as n increases (using
Microsoft Excel software or others).
.................................................................................................................................................................................
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Teacher: Ask students to do the following
exercises:
Exercise 1. Choose the letter A, B, C or D which
presents the zero-limit sequence:

Teacher: Elicit students’ discussion on the
increase, decrease, convergence to 0 of the elements
of the given sequence as n increases.
Teacher can prepare some questions to support
students as follow:
- Question 1: When the number n increases, which
number does un come to? (number zero)
- Question 2: When the number n increases, is the
value of un equal to that number (number founded in
question 1)? (Not equal).
- Question 3: How to decide the distance from un
to 0? What is the formula? (equal un  0  un 

A. un 

1
).
n

n

B. un 

n  1000
n  1000

C. un 

1
n
1010

D. un  n  1  n
Exercise 2. Take two examples of two zero-limit
sequences, and two sequences which do not have the
limit 0.
Exercise 3. Prove that these sequences

- Question 4: How many numbers of the above
sequence that have a distance to 0 less than 0.001 are
there? Point out some numbers like that.
- Question 5: How many numbers (belong to that
sequence) that have a distance to zero less than
1
are there? Point out some numbers like that.
1000000

un 

1
n 1
; vn 
are zero-limit sequences.
2
n
2n 2

Exercise 4. Prove that the sequence un 

- Question 6: Given a random small number ε (ε >
0). How many numbers (belong to that sequence) have
a distance to 0 less than ε are there? Figure out how to
find that numbers?
- Question 7: In the same way, do the elements of
these sequences vn 

1

1
1000
; wn 
converge to
n 1
n

0?
Teacher: The presented sequences have the same
properties: the distance between the elements of the
sequence to 0 is smaller when the number n is larger.
Moreover, that distance can be small at will. Such a
sequence is called the sequence with the limit 0. Can
you define the concept of the sequence which has the
limit 0 (in spoken language and mathematical
language)? After students answer, teachers organize
the whole class to edit the definition of the concept.
Student: Speaking out the definition of the concept
of the sequence which has the limit 0.
- The sequence is called the sequence with the limit
0 (the zero-limit sequence) if for every real number ε
(small as will), then from a element, the distance from
all the elements to number 0 is smaller than ε.
- Mathematical language:  ε (ε > 0),  N0  N* :
 n > N0  un  ε. Then we can write: lim un  0 .
Activity 2: Consolidating the concept
56

n 1
n

does not have the limit 0.
Some notes during the teaching process:
- The concept of zero-limit sequence is a difficult
concept, and its definition is also quite complex for
many students. However, there are some issues that
should be suggested for students to support them to
understand and take over the meaning of this concept
through a system of questions (questions 1 to 7) as
above. Depending on students’ level, teacher should
consider using these questions in a flexible way.
- Depending on students’ characteristics, teachers
may consider whether to use the same worksheet for
multiple groups or not. For example, in a group of
students who are good at IT skills, it is possible to use
worksheet number 4. Of course, in this sample
worksheet, Microsoft Excel software is only one of
many free softwares which can be used to fulfill the
requirements of the teacher.
- In case Group 4 has difficulty in using Microsoft
Excel software, teachers can prepare excel sheets and
instruct students to create graphs right within the
computer presentation. The results are as shown
below:
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un 

n  1000  2000
2000
1
.
n  1000
n  1000

As a result, evaluating the distance from u n to 0
will be simpler. Here, it should be noted that the
sequences of the form un 

numbers) all have a limit 0 before asking students to
do homework.
For option D, the teacher should guide students to
remove the square root by transforming the given
expression as follow:

Fig. 1. Representing some elements of the sequence
n
 1 on the coordinate axes (by using
un 
n
Microsoft Excel software)
If using the projector and directly using the
software, teachers and students can change the value
of n, add more other n, pull the height of the graph,
then students can see and find more informations in
terms of “coming to zero” in the sense of “intuition”
of various elements of the sequence.
- Using illustrations to help students visualize and
imagine the “coming to zero” of elements in the
sequence is advisable. However, teachers should
make students understand that there must be “plenty
of elements”, rather than just one or some elements of
the sequence progresses to zero. There is a number N0
from which the distance from un to 0 is smaller than ε
for every n > N0. In addition, the number of ε should
be arbitrarily chosen, and N0 always can be found
depending on any ε.
- Exercise 1 and Exercise 2 in the activity 2 are two
sets of exercises that correspond to the teachers’
organization for student to carry out the identification
activities and express the concept of the zero-limit
sequence. Of course, students also have difficulty
even in Exercise 1, at least with two options B and D.
For option B, teachers should guide students to
analyze the general formulas of the series of numbers
Exercise 1. Let f(x) be given by f  x   x .

un  n  1  n 




n 1  n

n 1  n



1
n 1  n

- Teachers should also introduce the short form of
“lim” which stands for “limit” in English. This is also
a note in mathematics teaching to present the meaning
or at least some information about the mathematical
symbols students are learning. For example, why to
change the previously-used symbols such as “tang”,
“cotang” (in many printed books before) to the new
symbols of “tan”, “cot”,... now.
Situations 2: Teaching the concept of a
continuous function at a point
Objectives: students are able to construct the
concept of a continuous function at a point; prove if a
simple function is a continuous function at a point or
not f  x0  .
Main teaching and learning activities:
Activity 1: Constructing the concept
Teacher: Dividing the class into groups (at least 04
groups), each group performs one task given in each
worksheet, in the order below:

Worksheet

a) Fill in the boxes in the following table:
1



n 1  n

2

x0

a
(a, b are real
nb

-1

f  x0 

lim f  x 
x  x0

57

2

2
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b) Do you have any comments on the value of a function at point x0 above and the limit of function when

f  x )
the variable converges to that point? ( and lim
x x
0

................................................................................................................................................................................
Exercise 2. Let these functions be given by:
 x2 , x  1
 x2 , x  1
f1  x   
;
f2  x   
0, x  1
1, x  1
 x2 ,
f3  x   
1,

2

x , x  1
.
f4  x    2

 x , x  1

x 1
;
x 1

Calculate and compare the values lim fi  x  and fi 1 in these case i = 1, 2, 3, 4.
x 1

Exercise 3. Draw the graph of the above functions (in Exercise 1, Exercise 2) by using online or offline
graphing software.
.................................................................................................................................................................................
Do you have any comments on the graph of each above functions?
.................................................................................................................................................................................
Student: Doing the exercises in these worksheets
as assigned in group. Students present the comment
and the graph of the given functions on the projector
for the whole class to observe.
Teacher: Supporting students in their process of
doing homework, making graphics (on personal
computers) or iPad (with online drawing softwares).
Teacher: Supporting students to comment on the
“uninterrupted,” “inseparable” or “continuous” of the
graph of the functions and discontinuous graphs,
“broken”, “detached” at a certain point. Thus, the
above functions can be divided into two types, based
on the graphs of the functions: The function has a
continuous graph and the function has a discontinuous
function line (at point x0 ).
Then, we can define that, the first type function is
the continuous function at the point and the second is
the discontinuous function at the point.
It is possible to present the concept of continuous
function at the point as follows: Let the function f(x)
be defined on the set K. If there exists a limit of
f  x   f  x0  then we
functions at point x0 and lim
xx

Exercise 1. Are the following functions continuous
or discontinuous function at the indicated point?
a) f  x   x 

1
at x = 1
x

1

x  , x  0
b) g  x   
at x = 0
x
1,
x0

x 3  x 2 , x  0
c) h  x   
at x = 0
x0
1  x,
 x 2  3x  2
, x 1

d) p  x    x  1
at x = 1
 x  2,
x 1


Exercise 2. Take some examples of functions to
illustrate the case of discontinuous functions at the
given point x = 5.
Exercise 3. It is certain that f  x  

2x  1
is
x2

continuous function on D = R \{-2} and not
continuous function on R because the function is not
defined at x = -2. Find the condition of the parameter

0

 2x  1
, khi x  2

m so that the function f  x    x  2
is
 m,
khi x  2

say that f(x) is continuous functions at the point x0 .
Activity 2: Consolidating the concept
Teacher: Asking students to do the following
exercises:

continuous function on R.
58
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Exercise 4. Prove that the function given by

f  x   x3  3x  2 is continuous function at every

x  x0 . Then prove that the equation
x  3x  2  0 has the root, and furthermore, the root
of that equation is in the range (0; 1).
Exercise 5. Draw the graph of the following
x0
1,

function sgn  x   0,
x  0 . Prove that function
1, x  0

sgn(x) is not continuous at x = 0.
Some notes during the teaching process:
- The continuity of the function, in our opinion,
should be taught through the graph of the function,
which makes it easy for the student to visualize the
“continuity” of the function as seamless or unbroken.
- Teachers should equip students with some way to
count the limits of function which are given in types
of range.
- In the worksheet, it should be noted as follows:
+ Exercise 1 has the initial elucidation of the
relationship between the limit of the function at x0
point
3

Here are some graphs which drawn in the Graph
software (a free and very user-friendly software)
that we instruct our students to download and use on
their computers.

y  f1 ( x)

Fig. 2

y  f 2 ( x)

Fig. 3

and the value of that function at the point x0 . Of
course, point x0 is in the set of functions.
+ Exercise 2 presents different cases: the
continuous function at x0 , the discontinuous function

y  f 3 ( x)

at x0 (because there is no limit of the function at x0 ,
or the limit of the function at x0 equal to the value of
the function at x0 ). That is, when teaching the concept
of continuous function at a point, we need to give an
example of the limited existence of the function f (x)
at the point x0 , and then compare that limit with the

Fig. 4

value of the function at point x0 . And so, there are two
instances of discontinuous functions at the point x0 :

y  f 4 ( x)

There is no limit at the point x0 and the limit exists
but not equal to the value of the function at point x0 .
+ Exercise 3 requires students to use computers or
iPad to draw some graphs of functions, from which to
comment on the continuity of the function graph.
Then, teachers introduce the concept of continuous
functions. After that, teachers should recall the
relationship between the continuous function and
its graph.
59

Fig. 5
- In activity 2, we have a lot of exercises in order to
match all students’ competency. Exercise 4 is for
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superior students and requires analytical ability (not [4] Leslie P. Steffe - Thomas Kieren (1994). Radical
very high), using the relationship between function,
Constructivism and Mathematics Education.
graph, and root of equation (or more accurately the
Journal for Research in Mathematics Education,
number of root of equation). Exercise 5 is a difficult
Vol. 25, No. 6, pp. 712-733.
exercise in which students prove that the limit of the [5] Sharon J. Derry (1996). Cognitive Schema Theory
function at a given point does not exist. However,
in the Constructivist Debate. Educational
teachers can “accept” a different “proof” of the student:
Psychologist, Vol. 31 (3/4), pp. 163-174.
using the graph of the function can also help the average [6] Cobb, P. - Yackel, E. - Wood, T. (1992). A
student, understand the problem to some extent.
constructivist alternative to the representational
view of mind in mathematics education. Journal
for Research in Mathematics Education, Vol.
23(1), pp. 2-33.
[7] Tran Vui (1999). Constructivism in Mathematics
1, x  0
Education, Part 1. (notakursus SM 107 :
f ( x )  sgn x   0, x  0
Constructivism and Innovative Teaching
 1, x  0
Strategies in Secondary Mathematics), RECSAM.
Fig. 6. The graph of the function f(x) = sgn(x)
[8] De Corte, E. - Greer, B. - Verschaffel, L. (1996).
3. CONCLUSIONS
Mathematics teaching and learning. In D. C.
Berliner - R. C. Calfee (Eds.), Handbook of
Based on theoretical analyses, we have presented
educational psychology, New York: Simon &
some of the principles in designing math lesson plans in
Schuster Macmillan, pp. 491-549.
general, in the constructive approach and some specific
examples of lesson planning to teach some of the [9] Duit, R. - Confrey, J. (1996). Reorganizing the
concepts which are often considered difficult in
curriculum and teaching to improve learning in
analytical curriculum in high schools in Viet Nam. The
science and mathematics. In D. F. Treagust & R.
examples above will help students understand the
Duit & B. J. Fraser (Eds.), Improve teaching and
implications of those difficult concepts and contribute
learning in science and mathematics, New York:
to construct their mathematical concepts as a whole, as
Teachers College Press, pp. 79-93.
well as to help students to have more interest in the [10] Von Glasersfeld, E. (1995). A constructivist
maths learning process. These given situations clearly
approach to teaching. In L. P. Steffe & J. Gale
outlines the activities of teachers and students in the
(Eds.), Constructivism in education (pp. 3-15).
process that teachers organize constructive activities for
Hillsdale, NJ: Lawrence Erlbaum Associates.
students. Hopefully, high school mathematics teachers [11] Paul Cobb (1994). Where is the mind?
can exploit existing situations and design other teaching
Constructivist and Sociocultural perspectives on
situations in the practice of teaching mathematics.
Mathematical
Development.
Educational
Researcher, Vol. 23, No. 7, pp. 13-20.
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