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Abstract: In recent years, many researchers have explored the types of knowledge that teachers
need to teach students effectively, how to assess those types of knowledge and apply them to
develop occupational force for Math teachers. In Vietnam, there is currently no research on
mathematical knowledge model in teaching (model of Mathematical Knowledge for Teaching,
abbreviated as MKT model) of future Math teachers. Model of mathematical knowledge in
teaching (model of Mathematical Knowledge for Teaching, called MKT model for short) was
developed by Ball and colleagues from the University of Michigan. The article analyzes one of
the types of knowledge of this model as pedagogical Content Knowledge, PCK; at the same time,
describe the mathematical tasks designed to evaluate the necessary types of math knowledge of
teachers when teaching the topic of derivative, some problems of developing professional
capacity of future math teachers.
Keywords: Math knowledge, derivative, professional competence, future Math teacher.
1. INTRODUCTION
Preparing future mathematics teachers (FMTs) with
the appropriate mathematical knowledge necessary for
their effective teaching is an important issue in
mathematics teacher education. From the work of
Shulman (1986), many researchers have tried to
develop and clarify the nature of the different types of
knowledge, especially the pedagogical content
knowledge that teachers need to teach mathematics
effectively. Ball and her colleagues (Ball, Thames, &
Phelps, 2008) argued that what Mathematics teachers
need to know is not only mathematical content
knowledge but also a kind of knowledge which is very
necessary for teaching mathematics effectively, called
Mathematical Knowledge for Teaching (MKT).
Many researchers have used or adapted the model
MKT developed by Ball and her colleagues for
studying FMTs’ knowledge and professional
competency. For example, Wilkie (2014) investigated
upper primary teachers’ knowledge for teaching
functional thinking. Steele, Hillen & Smith (2013)
presented a framework describing aspects of
mathematical knowledge for teaching function and used
this framework for analysing teacher learning in a
content-focused methods course. Based on MKT
model, Kaiser and her colleagues (Döhrmann, Kaiser,
& Blömeke, 2012; Kaiser et al. 2017) developed a
cognitive approach to the evaluation of mathematics
teachers’ professional competencies. This cognitive

approach was used for evaluating cognitive
competencies of primary and lower secondary
mathematics teachers from many countries within the
TEDS-M project. However, there have been very few
studies focusing on the exploration of FMTs’
mathematical knowledge of the derivative. In Vietnam,
until now there has been no study on measuring and
developing Vietnamese FMTs’ knowledge for teaching.
In this study, we present and clarify the MKT model
and more specifically, we aim at analysing one of these,
pedagogical content knowledge (PCK). This article
describes a set of assessment tasks designed to measure
teacher’s mathematical knowledge for teaching the
geometric and physical meanings of the derivative and
we focused on the examination the characteristics of
Vietnamese FMTs’ PCK for teaching different
meanings of the derivative. Finally, implications for the
professional learning of Vietnamese mathematics
teachers are also discussed.
2. LITERATURE REVIEW
2.1. Model of mathematical knowledge for teaching (MKT)
The model MKT consists of two main domains of
knowledge: subject content knowledge and pedagogical
content knowledge. In each of these domains, the
authors distinguished three different types of
knowledge. One of the special contributions of the
model MKT is a distinct categorisation of different
types of knowledge (see Diagram 1).
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Common content knowledge (CCK): CCK refers to
common mathematical knowledge used in everyday life
or knowledge that “is used in the work of teaching in
ways in common with how it is used in many other
professions or occupations that also use mathematics”
(Hill, Ball, & Schilling, 2008, p. 377).
Specialized content knowledge (SCK): SCK is a
type of knowledge that is only unique to teaching. SCK
enables teachers to ‘‘accurately represent mathematical
ideas, provide mathematical explanations for common
rules and procedures and examine and understand
unusual solution methods to problems’’ (Hill, Ball, &
Schilling, 2008, p. 378). For example, as part of SCK,
teachers should be able to analyse right or wrong
answers given by students to a mathematical task, or to
choose an appropriate representation of a mathematical
concept for solving a given problem. Non-teachers
probably do not need this type of knowledge.
Horizon content knowledge (HCK): HCK is “an
awareness of how mathematical topics are related over
the span of mathematics included in the curriculum”
(Ball, Thames, & Phelps, 2008, p. 403). It also refers to
an awareness of a broader context that contains
mathematical topics in the curriculum.
Knowledge of content and students (KCS): Hill et al.
(2008) defined KCS as knowledge of a particular
mathematical content combined with knowledge of how
students think about, know or learn this content.
Teachers with this type of knowledge are able to know
how students learn a concept or to recognize their
common mistakes and misconceptions. This implies to
a deep understanding of students’ thinking.
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Knowledge of content and students (KCT): KCT
combines knowledge of a particular mathematical
content and knowledge of teaching that content. As part
of KCT, teachers should also know how to provide
appropriate instructions for students to accomplish a
given task or to modify a given task so that it becomes
easier for students.
Knowledge of content and curriculum (KCC): KCC
refers to knowledge of the content of curriculum as well
as knowledge of how to apply a specific content of the
curriculum to appropriate learning activities.
2.2. Model of mathematics teachers’ professional
competencies
Döhrmann, Kaiser, & Blömeke (2012) pointed out
that “successful teaching depends on knowledge and
teacher beliefs”, so they divided teacher’s professional
competencies into cognitive facets (professional
knowledge)
and
affective-motivational
facets
(professional beliefs, motivation, self-regulation) in
their frame (see Diagram 2).
In this study, we use the MKT model as a cognitive
approach to the evaluation of FMTs’ professional
competencies.
3. METHODS AND RESULTS
3.1. Context
Participants of this study were 108 FMTs studying
Math Pedagogy which included 92 FMTs enrolled in
third year, University of Education, Hue University; 8
FMTs were studying in third year, University of
Education, Da Nang University; 8 FMTs were studying
in fourth year, Quang Binh University. This survey was
conducted from January to May 2018.
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3.2. Research instrument
The research instrument was a questionnaire that
consisted of different mathematical tasks related to the
geometric and physical meanings of the derivative.
Each task referred to at least one type of knowledge
among six different types of teachers’ knowledge of the
model MKT, with a focus on the KCS, KCT and KCC.
In addition, an interview with some FMTs was done
after they had completed the questionnaire.
A problem: Two moving objects move along a
directional axis. Their positions on the axis depends on
the time t and that dependence is represented by two
graphs f (t ) and g (t ) as shown in the Figure 1 below:
1) Using only the graphs below, please estimate the
time that the two moving objects have the same
velocity. Explain your answer.
2) Assume that there are three students who propose
the following comments:

Figure 1
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Student A: Two moving objects have the same
velocity at the time that two graphs intersect. Then the
estimated time is t  1,7 .
Student B: Two moving objects have the same
velocity at the beginning time, then t  0 .
Student C: The two graphs above are not parallel so
that the two moving objects don’t have the same
velocity at any time.
i) Please anticipate the properties of the derivative
that each of these students used to give the answer.
ii) Please analyze the accuracy of these answers and
explain.
3) Assume that f (t )  t 3 and g (t )  3t . Please
determine the time from which the velocity of the
moving object f (t ) is greater than the velocity of the
moving object g (t ) .
4) Please anticipate students’ common responses
(right or wrong) to question 1) and question 3) above as
well as students’ difficulties in this task. Explain.
5) Assume that you aim to strengthen students’
understanding of the physical meaning of the derivative.
What problem will you give to students? Explain why
this problem is appropriate for this goal?
6) In your opinion, which content knowledge in the
curriculum and textbooks that students had learnt
involve the above question 1) and question 3)? At
which grade is this content knowledge taught?
7) In your opinion, what mathematical ideas and
properties could be used to answer the above questions?
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To solve this exercise, the types of knowledge of the
MKT model are given in the questions (see Table 1):
Table 1. Components of MKT elicited by each of the
questions given in the problem 1
Types of
knowledge

Tasks

Indicators
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Table 2. Illustration of the coding of the task 5)
Codes
4

Description
Giving at least two reasonable exercises and
having provided correct explanations.
Giving at least two reasonable exercises but
not having provided explanations or giving
an incorrect explanation.
Not giving any reasonable exercise but
giving some types of problem with correct
explanations.
Giving a reasonable exercise and having
provided correct explanations.
Giving a reasonable exercise, but not having
provided explanations or giving an incorrect
explanation.
Giving some types of problem, but not
having provided explanations or giving an
incorrect explanation.
Giving a type of problem with correct
explanations.
Giving a reasonable exercise but there are
still some inaccurate arguments.
Giving a type of problem, but not having
provided explanations or giving an incorrect
explanation.
Giving an incorrect response to the task.
Not having given any response.

3.1
Identifying physical and
geometric meanings of the
CCK
3)
derivative
in
different
3.2
contexts.
Ability to recognize the
associations
between
3.3
1)
different meanings of the
derivative.
SCK
2.1
Ability to analyze and
2ii)
comment on right and wrong
solutions given by students
2.2
Knowing the most likely
reasons for students’ answers
2i)
in relation to the derivative
2.3
concepts involved in the
given task.
KCS
1.1
Anticipating
students’
common answers, predicting
4)
and interpreting students’
1.2
difficulties
and
misconceptions
0.1
Choosing and designing
0.2
appropriate
mathematical
tasks for strengthening
3.3. Results
KCT
5)
students’ understanding of
The results of teachers’ knowledge are presented in
different meanings of the
terms of six types of knowledge of the model MKT,
derivative.
that is, CCK, SCK, KCS, KCT, KCC and HCK.
Knowing at what grade
Concerning the teachers’ knowledge of content and
levels and content areas
teaching
(KCT), for task 5), as seen in Table 3, more than
KCC
6)
students are taught involved
half (66.70%) of the FMTs were able to offer at least a
in the given task.
type of problem or a reasonable exercise that could be
Identifying
mathematical
used to strengthen the physical meaning of the derivative
HCK
7)
ideas
related
to
the
but only seven (2.78 %+2.78%+0.93 % = 6.59 %) of that
derivative.
were able to offer a reasonable explanation. Especially,
These seven tasks were coded by the two authors of there were still 29.60 % (code 0.2) of the FMTs who did
this paper. In the following table, we illustrated the not give any response to this task. It can be stated that
coding of the task 5) (see Table 2). Other tasks were most of the FMTs haven’t adequate KCT for the physical
meaning of the derivative.
coded by using the similar technique.
Table 3. Codes regarding the prospective mathematics teachers’ written explanations for the task 5)
Codes
Illustrative examples
Frequency
%
4
0
0
3.1
0
0
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Giving some problems about motion with the positions depends on the time, please
calculate the average velocity, instantaneous velocity and represent by graphs; Given
two points and their positions on the axis are represented by two graphs, please
estimate the time that two points have the same velocity and explain.
Interpretation: These problems help students understand about geometry and
physical meaning of the derivative by calculating the time that two points have
the same velocity.
3.2

3

2.78

3

2.78

22

20.4

18

16.7

Problem: Given the two points A and B, their positions on the axis depend on
the time t and that dependence is represented by two graphs f A (t )  2t and
f B (t )  3t 2 .
a) What kinds of the motion do they belong to?
b) When do the two points A and B have the same velocity?
Interpretation: Physical meaning of derivative is illustrated by three quantities:
distance (s), velocity (v) and time (t) in the formula: v  s (t ) . This is the
important property to solve the problem above.
3.3

Given equation of motion of a particle: s  s(t )  t 2  t .
Please calculate the velocity of that particle at time t = 2.
When is the velocity of that particle equal to zero?
2.1

2.2

Problem 1: Given the displacement function of a particle. Please calculate the
velocity of the particle at time t  t0 .
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Problem 2: Given the graphs represent the relationship between the
displacement and the time of two particles. Please calculate the time that two
particles have the same velocity.

Problem: Given the graph of motion depends on the time, please calculate the
velocity at particular time.
Interpretation: This problem is appropriate for the above goal because students
must understand that the derivative of the displacement function is the velocity
function and the derivative of the position at any time t is the slope of the
tangent line to the curve of the position’s graph at that point.

2.3

1

0.93

7

6.48

18

16.7

0.1

4

3.7

0.2

32

29.6

Given equation of motion of a particle: s  s(t )  5t 2  9t  10 .
Please calculate the average velocity of that particle from t = 2 to t = 5.
1.1

Giving some problems about velocity, distancement of the particle.
1.2
Giving some problems about writing the equation of the tangent line to the
curve of a f ( x) graph.
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For each of the other types of teachers’ knowledge
(CCK, SCK, KCS, KCC, HCK), we also made a table
categorising students’ written responses according to
the given codes.
Concerning FMTs’ Knowledge of content and
students for teaching geometric and physical meanings
of the derivative (KCS), we found that there were few
prospective teachers who could give adequate
explanations for the three students’ responses in task 2i)
and give right answer about anticipating students’
common answers in task 4). Twenty-three of the FMTs
(code 3.1, 2.1, 1.1) were embarrassed to give students’
difficulties and misconceptions or interpret students’
difficulties in task 4). Especially, there were still 13 %
(code 0.2) of the FMTs who did not give any response.
This means that many FMTs had difficulty in
articulating why physical and geometric meanings of
the derivative problems would be difficult for students.
It can be stated that FMTs haven’t acquired a robust
understanding of the students’ learning about geometric
and physical meanings of the derivative. Regarding the
FMTs’ Knowledge of content and curriculum (KCC),
the number of FMTs were able to fully give exact
response for the task 6) is very small (three, 2.78%).
Especially, there were still 8.33% (code 0.1; 0.2) of the
FMTs who did not give any response to this task. It can
be stated that, for the most part, FMTs’ KCC was not at
an adequate level.
4. DISCUSSION AND CONCLUSION
In this study, we examined Vietnamese FMTs’
professional competencies for teaching the geometric
and physical meanings of the derivative in terms of six
types of knowledge of the model MKT. As a result of
the study, it was observed that many Vietnamese FMTs
haven’t acquired a good understanding of the students’
learning about the geometric and physical meanings of
the derivative, although the derivative is an important
topic of the high school mathematics curriculum. The
findings also indicate that the FMTs’ knowledge of
content and teaching was below the level expected for
teaching aspects of the geometric and physical meaning
of the derivative. This result is similar to prospective
teachers’ KCC, in which they exhibited many
difficulties and gaps in the understanding of students’
learning of the derivative.
These findings provide us with first evidence of
Vietnamese FMTs’ inadequate understanding of
mathematics for teaching the derivative. In particular,
the FMTs’ PCK is not at an adequate level. The aspects
of the KCS, KCT and KCC or the epistemology of a
mathematical concept seem to be less analysed in
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teacher preparation courses. Therefore, we suggest that
the content and duration of these courses on
mathematics instruction should be reviewed and
modified.
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